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Jehle and Reny, Chapter 1, Advanced Microeconomic Theory, 3rd edition, 2011

Preference and Utility

Preference

. Consumption set: X C R’} : (subset of non-negative quadrant of a n-dimensional

space)

This means there are n different goods. The i-th coordinate means quantity of
the 7-th good.

Binary relation R on X:

Formally, it is subset of X?: we can use an ordered pair to represent a binary

relation!
When we say xRy, then formally it means (z,y) € R.

(Note: if R is too abstract to thing, you can read it as x is related to y in
“R_Way”)

Complete: for any =,y € X, either xRy or yRx or both.
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4.

5.

2.2

2.3

Transitive: for any x,y,z € X, if Ry and yRz, then xRz

Preference: a complete and transitive binary relation.

We denote > as a preference.

If x > y, we read it as z is at least as good as y.

Sometimes, we write z > y if x = y but y % z. (strictly preferred to)

We also write z ~ y if z = y and y = z. (indifferent to)

Property of Preference

monotonic: for all z,y € X if x; > y; for all 7, then x > y

strict monotonic: for all x,y € X if x; > y; for all ¢ and for some z; > y;, then

T =y

continuous: B(z) and W(zx) are closed where B(z) = {y € X : y = =} be the
no-worse set of x and W(z) = {y € X : = y} be the no better set of x.

convex: for all z,y € X, if v = y, then \x + (1 = A\)y =y forall 0 < A < 1.

strictly convex: for all z,y € X,if v = yand z # y, then \x + (1 — Ny = y
forall0 <\ <1.

. quasi-concave: B(z) is a convex set

Indifference curve

. It is graphical representation of preference

Property:

(a) Under monotonicity, northwest direction is better (why?)

(b) Indifference curve does not cross (why?)



2.4 Utility

1. A preference > is represented by a utility function U if for all z,y € X

x =y if and only if U(z) > U (y)

2. Utility function assigns a number for every consumption bundle: more preferred

bundle gets larger number.
3. Not every preference is represented by a utility function (Example: lexicographic)
4. Ordinal utility: only order matters

5. Marginal rate of substitution of good 1 for good 2:

~dxy _ 0U(x)/0x:
MBS = = e~ 0U(@) 0,

6. Technical note:

(a) Continuous and strictly montonic preference implies existence of utility func-

tion.

(b) Quasi-concave utility: forallz,y € X, U(Az+(1 — ) y) > min{U (x),U (y)}
forall0 <A <1

(c) Preference is (strictly) convex if and only if utility function is (strictly)

quasi-concave

(d) If utility function is differentiable and preference is (strictly) convex, then

we have diminishing MRS.

(e) Homothetic preference: MRS between two goods depends only on the ratio

of quantities of two goods
Specific utility functions:
1. Perfect substituties: U(z,y) = ax + By for some a > 0, 5 > 0

2. Perfect complements: U(x,y) = min{az, Sy} for some o > 0, § > 0

3. Cobb-Douglas: U(z,y) = %y~ for some 0 < o < 1



4. Constant elasticity of substitution (CES): frequently used in macro/IO
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U(ﬂﬁ,y):F‘F%

(a) See appendix for discussion on elasticity of substitution
(b) This is general case for the above three special functions:

i. Perfect substitutes: 6 =1
ii. Cobb-Douglas: § =0

iii. Perfect Complement: 6 = —oo

Utility Maximization and Choice
1. Utility Maximization problem:(UMP)
xlar;axxn U(xy, Ty .., Ty)
subject to budget constraint
P11+ Py + -+ ppy =1
Lagrangian:
L=U(x1,T9,...,2,) + X[ — p121 — P22 — -+ - — PpTy)

where first-order conditions are

gfz = Ofori=1,...,n
o~

Interior solution: oU /9, ,
MBS = 55 as, = 1,



Economic interpration of A and p;.

Di
pi = N
Corner solution: (Economic meaning?)
Di > \

2. Marshallian demand function: The optimal solution of UMP

I‘T — Il(pla cee 7pn7-[)

T = Tapr- P, 1)

3. Property of Marshallian demand function:

(a) Homogeneous of degree zero in prices and income:

1 (Ap1 .., App, A = x1(pr-. ., pny 1)

$n(Ap1’Apn7A]) = xn(p17pn7-[)

for any A > 0

(b) Other properites will be covered in next section.
4. Indirect utility function:

(a) express optimal level of utility in terms of prices and income.

(b) the optimal-value function of UMP: by putting the marshallian demand



function into the utility function

Ulx], x5, ...,x)

= U(371<p1> s 7pn7[>7$2(p17’ ce Jpn71>7 cee 7$n(p17 s 7pn7]>>
= V(plapna-[)

5. Property of indirect utility function:

v
(a) Non-decreasing in income: 3 >0

(b) Non-increasing in prices: < 0 for every good 17

Op; —
(c) Homogeneous of degree zero in prices and income: V(Apy..., Ap,, AI) =
V(pr...,pn, 1) for any A >0

6. Application of indirect utility: lump-sum principle. lump-sum tax is better than

tax on specific good.

7. Expenditure minimization problem (EMP; dual problem to the UMP)

min P11 +p25132 + - +pnxn

T1,X2y-3Tn

subject to budget constraint

U(zy,x9,...,2,) =U
Lagrangian:

L =pa; +p2$2+"'+pn$n+/\((_]—U($17$2,~-7$n))

where first-order conditions are

gfl = 0Ofori=1,...,n
oL
n 0



8. Hicksian demand function: the optimal solution to EMP

Ty = xi(pla <oy Dn, U)

Ty = xqi(plv <oy Pn,y U)

9. Properties of expenditure function:

(a) Homogeneous of degree one in prices: x(Apy ..., Ap,,U) = 2%(p; ..

for any A > 0

(b) Other properites will be covered in next section.

10. Expenditure function:

* 7pTL7 U)

(a) express minimum expenditure required given in terms of prices and utility

level

(b) the optimal-value function of EMP: by putting the Hicksian demand func-

tion into the expenditure

P1T1 + PaXo + -+ Puln

= pll’i(ph <oy Pn,y U) +p2x§<p1; <y Pn, U) + o +pn332<p17 S

= E(plu BRI 7an)

11. Properties of expenditure function:

(a) Homogeneous of degree one in prices: E(Apy ..., A\pn, AI) = V(p; ..

for some A > 0

(b) Non-decreasing in prices: > 0 for every good 1

Di
(c) Concave in prices: (why?)

(d) Other properites will be covered in next section.

,Pn, U)

'7pn7[)

12. Class exercise: Show expenditure function of U (z,y) = /zy is E(ps,py,U) =

2, /DzpyU



4 Income and substitution effects

4.1 Elasticity

1. Marshallian Demand Elasticities

(a) (Own) Price elasticity of demand

Ox; pi
€ip. — —
Pi apz ./,E/L
Note that p 5
Dili Ty
=T, +pimg— = Ti [l + ey,
a ; p 8 ; [ 7]%]
. 8pzxz
Elastic demand: ¢;,, < -1 & 5 0
Di
Ipiz;
Inelastic demand: ¢;,, > —1 & g:zs <0
Di
. . apzxz
Unit elastic demand: ¢;,, = -1 & o 0
Pi
(b) Cross-price elasticity of demand
e . (91:1 Dj
“p) T 8pj T
Good i is gross complement for j: ¢;, <0
Good i is gross substitute for j: e;,, >0
(¢) Income elasticities of demand
€1 — —
! ol ZT;

2. Compensated Demand Elasticities

(a) (Own) Price elasticity of compensated demand

C
- 0x§ Di

(2

Always non-negative



(b) Cross-price elasticity of compensated demand

c
o O0mip;
" Opj i

Good i is net complement for j: €ip, <0

Good i is net substitute for j: ef, >0

(c) Income elasticity of demand

. 0xf I
€ = _
Y s

3. Relationship between elasticity is covered in Appendix.

4.2 Two important expressions

1. Roy’s Identity

Since V' is optimal-value function for langrangian minimization

ﬁ:U(Ilfl,Ig,...,{L‘n>—{—/\(I—plxl—p2x2_..._pnxn>

Hence, envelop theorem implies

ov
fry —)\ i
Op; ’
oV
a =
so that
oV
_ api
v
ol

2. Shephard’s Lemma

Since F is optimal-value function for langrangian minimization

L =pix1 +pexg+ -+ oy + AU(21, 22, ..., 2,) — U)



Hence, envelop theorem implies

oFE

Ip;

)

4.3 Changes of Income and Prices

1. Change in income

or;
ol
ox;
ol

2. Change in own price: substitution effect and income effect

>0

(a) Normal good:

<0

(b) Inferior good:

(a) graphical analysis

(b) mathematical analysis (Slutsky’s equation: See appendix for proof)

ox ox Ox
= — r—
apft apx U=constant a[
3. Change in other prices
(a) Slutsky’s style equation:
apj 8p] U=constant ’ oI

dz;
(b) Good i is gross complement for j: dx <0

dx;
Good i is gross substitute for j: dm >0
Pj
Note that: gross susbstitute/complement is not symmetric

(¢) Good i is net complement for j: y L <0
Pj

C

>0

Pj

Good i is net substitute for j:

Note that:

i. net susbstitute/complement is symmetric (Note: Shephard’s lemma and

Young’s theorem)
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ii. In two-good world, two goods must be net substitute to each other

iii. For visual illustration of net complements in three-good world, check
Paul A. Samuelson (1974) “Complementarity: An Essay on The 40th
Anniversary of the Hicks-Allen Revolution in Demand Theory” in Jour-
nal of Economic Literature , Vol. 12, No. 4 (Dec., 1974), pp. 1255-1289.

iv. Hick’s second law: almost all are net substitutes. See appendix for
details.

4. Giffen’s paradox. positive relationship between price and quantity demanded

when incrome effect dominates substitution effect for inferior good

4.4 Consumer Welfare of price change

1. Measure of Consumer Welfare of price change

Suppose price in good i changes from p{ to p;

(a) Conumser surplus (CS): area under marshallian demand curve
pi
P

(b) Compensating variation (CV): change in income to needed to be as

happy as before
V(pd,....,I) =V(p;,....,[+CV)

or

(c) Equivalent variation (EV): change in income needed to avoid change

V(p),....,1—EV)=V(pj,...,I)
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or
EV = E@pi,....U) - E@,....U")

p;
= / dE(p’MaUl)
Py

1

P;
= / z(ps, ..., U")dp; (by Shephard’s Lemma)
P

2. Comparison between ACS, CV, and EV

(a) When there is no income effect, all three are the same.

(b) For normal goods,

Price increase: CV >ACS > FEV
Price decrease: CV < ACS < EV

(c) For inferior goods

Price increase: CV < ACS < EV
Price decrease: CV >ACS > FEV

4.5 Revealed Preference

1. (a) z is revealed preferred to y: if = and y are feasible under some prices,

and z is chosen

(b) Weak axiom of revealed preference: Suppose z is chosen under prices

p and 7 is chosen under p. If p1xy + -+ + puxn > P121 + -+ - + Py, then

P11+ -+ PuTy > D121+ -+ PuZy. In words, if z is revelaed preferred to

Z, then 7 is never revealed preferred to x.

(¢) Non-positive substitution effect: compensated demand curve is downward

sloping without quasi-concave preference (only need Weak axiom of revealed

preference)

i. Special case proof: Suppose a consumer is indifferent on (z,z5) and

(Z1,%2). Suppose (z1,x2) is chosen under prices (p1,p2) and (%1, Z7) is
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chosen under prices (p1,p2). Then

P1%T1 + pay < D1Ty + pala
D1Z1 + pade < Prxy + pada

Summing up we have

IN

P1T1 + P12y P11+ Py

pr(ry— &) +p1(21—21) < 0

or
(p1 —p1) (31 —x1) <0

which is non-positive substitution effect! (without any assumption on

preference!)

ii. General case. See appendix.

5 Appendix.

1. Elasticity of substitution: relative change in the ratio of goods in respondence

to a change in the ratio of prices

s _ AIn(z/y)
U dn (p./py)

For CES, we have at optimal

R e O

so that
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d(z/y)

e A(@/y) oy pe/py d(2/y)
dIn (p./py) %ﬁ’f z/y d(ps/py)

e\ (L
A\, 1—-0/ \py 1=

2. Constrained Optimization: Lagrangian Method

To solve

subject to a constraint

g(x1, 29, ..., 2,) =0

We can write Lagrangian expression
L= f(x1,m0,...,2,) + Ag(T1, %2, ..., 2y)

The optimal interior solution will satisfy the following conditions:

o af L dg
or, ~ on T on 0
oL of 09
or, 833n+)\0xn_0
oL

o~ 970

Note that:

1. We require f to be a differentiable functions.
2. This only work for interior solution. You might need to check corner solution

3. Simple envelope theorem

Maximization of f(x;60) where 0 is a parameter. Optimal-value function is then
f7(0) = max f(z;0)

and the optimal-solution function is z*(0)
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Envelope theorem states:

df*(0) _ 0f(;0)
T R

Note. This also works for minimization problem.

. General envelope theorem
Maximization of f(x;6) subject to g(x;0) = 0 where 0 is a parameter.
The Lagrangian is

L(z;0) = f(x;0) + Ag(;0)

Optimal-value function is then

() = max x;0
PO = ity 150

and the optimal-solution function is z*(#)
Envelope theorem states:

df*(0) _ 9L(x;0)
do o0 z=x*(0),\=\(0)

Note. This also works for minimization problem.

. Euler’s Theorem

If f is homogenous in degree k, then

Of (1,29, ...,2,) Of (z1,x,...,2y,)

kf(xbm%"'axn) =T

0x, o0z,

Proof.

Recall: homogenous function of degree k implies for all A > 0,

fAz1, Azg, ..., Axy,) = /\kf(xl,mg, ey T).
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Differentiate both sides with respect to A,

Of (A\xy, Axg, ..., Axy,) Of (Axy, Aza, . ..

, ATy)

RN f (1,20, 2n) = 21 +eetz,

8x1 8xn

Consider the case A = 1. Then we are done.
. Slutsky’s equation
Since EMP and UMP give the same outcome we have

(P, Py, U) =  (Pus Dy, E (D2, 0y, U))

so that partially differentiation gives

02" _ Ox  0a OF
Op.  Op. OFE Op,

or

oz B ox° B @ oF
Op,  Op, OFEOp,

Shephard’s Lemma implies
oF

Ops

xC

so that

oz Qa¢ Oz
px op. | OF

Ox . Oz
e —r —
apz U=constant aE
Ox Oz
= — T —
8]7;5 U=constant al

Note that at optimum we have

:L’C(px,py,U) - Ic(px,py,‘/(pz,py,f))
= x<pzapy7j)
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Then the slutsky euqgation becomes

ox Oz O
pu— - x AT
8]995 apw U=constant oI

7. Elasticity Relationship

(a) Homogeneous of degree zero in prices and income: By Euler’s theorem im-

plies for

n— =0 f Nie N
3p1+p28p2+ +p 8pn+ i or all ¢

41

or divide z; on both sides

p1 0x; I p2 0x; i D, O0T; I Ox;
x; Op X 8232 T 3pn x; 01
€i7p1 + -+ ei,pn + €1 = 0

= QOforallie N

(b) Engel aggregation: Total differentiate [ with respect to budget constraint

| - 0, P ox,
| I 0x, PnZyn I Ox,
I =z, 01 I =z, Ol

so that

l=sie11+ -+ spenr

(c) Cournot aggregation:Total differentiate p; with respect to budget con-

straint
0=p 2% b+ p 0% g, O
b Ip; b Op; b Ip;
Then multiply both sides by p;/I
0z Di Dz, ox; Pz, Oz, Di
0 = — et 4 L Dy ——
Prop T I P T P g T
x1 021 p; i ;i Ox; Py Ty, Oy, D;
o — PmOump o piOnipn P i
so that
O =5 _|_ 81617])1' _I_ ...... + Snen,pi
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(d) Compensated and Uncompensated Price Elasticities

Recall Slutsky’s equation
Jdr  0x° ox

op,  Op. 0l

Multiple both sides by p,/x

. ps Ox
o x Op,
_ P02 ps O
x Op, x Ol
_ por palos
¢ Opy I x0I

c
- evax - S‘rex7l

So they are similar if (i) s, is small or (ii) e, s is small

8. Hick’s second law

Since compensated demand is homogeneous in degree zero in all prices, by Euler’s

Theorem, we have

8955_{_ axf+ n 8955_0
D1 O, D2 Ops Dn o

so that divding by z¢, we have

e;, +e  +--+e, =0

,p1 1,p2

< 0, we have

(&

Since we know that e,

9. Walra’s Law.

Under monotonic preference, optimal consumption bundle is on the budget curve.

p1m1++pnxnzl

10. Downward sloping compensated demand

Suppose z is chosen under prices p and income I. Consider some prices p. Let
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~

I = pixy + poxg + - - - + Ppx,. Then either

A

zi(P1y- -y Py L) = wi(p1,...,pn, 1) for all i

or Zl (ﬁl _pz) (xi([)h LR 7ﬁn;j) - xi(pla oo 7pn7])> < 0

~

Proof. Assume z;(p1, ..., Pn, 1) # x;(p1, ..., pn, ) for some i.

Zi (ﬁl _pi) (x’i(ﬁ17 cee 7ﬁn>j) - xi(pla e 7pn7[)>
- Zz ﬁixi(ﬁla s 7ﬁn7j> _ﬁixi(ph s Jpnal) _pixi(ﬁlv s 7ﬁn7j) +pzmz(p17 s
= Z -f—f—pixi(ﬁl,...,ﬁn,f) —I—]} (by Walra’s law)

A

= Z - piti(P1y -y Dny L )} < 0 (by weak axiom of revealed preference)
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