Study Guide for Bernheim and Whinston


CHAPTER 11
CHOICES INVOLVING RISK
CHAPTER DISCUSSION
This chapter stretches the analysis in yet another dimension. It explores territory in which outcomes are not known with certainty, a region we have not examined up to now.  Until this chapter, we have always at least implicitly assumed that the consequences of actions were known for sure beforehand.  For better of worse, we do not actually live in world like that.  In our world, surprises happen, and we need to take a look at how to handle them.  Welcome to the world of risk.

For real-world decisions, the outcomes depend generally on two classes of things, the choices made by the decision maker, and events outside his control.  Those events are called states of nature, and even though we do not affect them, they can impact the results of our decisions.  The likelihood that a state of nature occurs is measured by its probability, which ranges from zero through 100 percent, or fractionally from zero to one.  A closely-related concept is odds.  If the probability of rain is ¼, and no rain is ¾, then we say the odds are three-to-one in favor of no rain, or one-to-three that there will be rain.  For two mutually exclusive, exhaustive events, A or B, the odds of A occurring are the ratio of the probability of A to the probability of B. 
If we can infer the probability of an event either by counting how often it occurred historically or by measuring relative frequencies in controlled experiments, its probability is said to be objective.  Subjective probability represents a given individual’s personal assessment of the likelihood that an event will occur in the future.  Individuals’ subjective probabilities can differ.
Outcomes can depend upon both our decisions and the states of nature.  Those outcomes often come in the form of payoffs (either positive or negative), which are conditional on which state occurs.  Those payoffs and their probabilities can be arrayed in something called a probability distribution, such as Text Table 11.1.  The expected value of a given set of possible outcomes takes into account the payoff associated with each possible state of nature and the probability if its occurrence.  If the payoff of the ith outcome is denoted by Pi , and the probability of the ith outcome is denoted by (i, then the expected payoff is given by 


EP = (1 x P1 + (2 x P2 + … + (n x Pn




(1)
A set of possible payoffs and their related probabilities can be displayed graphically with a histogram, which is a bar graph showing the relative probabilities as heights of bars associated with each possible payoff on the horizontal axis, such as Text Figure 11.1.  Two sets of outcomes with the same expected value can have very different variability, and for most people those two distributions would be materially different, even though their expected outcome is the same. A useful measure of that variability is called variance, which is defined as the expected squared deviation from the expected value.  The deviation is the difference between a given possible payoff and the expected value of the payoffs (Pi – EP). Variance is given by the equation 

VAR(P)  = (1 (P1-EP)2 + (2 (P2-EP)2 + … + (n (Pn-EP)2  


(2)
The standard deviation of payoffs is the (positive) square root of the variance.  The higher the variance (and standard deviation), the more risky a set of outcomes is said to be.
Now that we understand how to quantify expected value and risk, we can model individuals’ risk preferences.  In a risky world, consumption bundles can depend upon the state of nature; they are said to be contingent upon something else happening.  If Maria’s consumption of food depends upon whether there is sun (S) or a hurricane (H), her consumption bundle is represented by (FS, FH).  It is possible that the food consumption is identical in both states of nature, in which case we would say Maria has guaranteed consumption of F, irrespective of the state of nature.  However, if FS and FH are unequal, then her consumption depends upon weather and is probabilistic. If the probability of Sun is (, her expected consumption is 
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(3)

Rearranging, we find
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(4) which is called the constant expected consumption line.  It gives all the bundles (FS, FH) such that Maria could have the same expected consumption, given the probabilities of Sun and Hurricane.  Along with the guaranteed consumption line (the 45 degree line,) this line is shown in Text Figure 11.2.  Note that the slope of the constant expected consumption line is equal to the odds in favor of Sun, (/(1-(), so if the probabilities change, the slope also changes. Note, also, that along the constant expected consumption line, the farther away from the guaranteed consumption line Maria gets, the higher is the variance of her outcomes.  
So far, we have examined the options available to Maria, given the contingent consumption bundles and the probability of Sun or Hurricane.  Now we can use indifference curves to model her preferences toward risky outcomes.  For bundles along the guaranteed consumption line in Text Figure 11.2, Maria would clearly prefer to be farther from the origin because more is better.  And, because FS and FH are both desirable, she should be willing to trade off between the two. That means we could represent Maria’s willingness to trade food in the event of a hurricane for food in the event of sun with an indifference curve, as represented in Text Figure 11.3.  If Maria is risk averse, she will prefer to have any given consumption bundle with certainty over an equivalent expected consumption with some variability.  So Maria’s indifference curves will be convex. Moreover, her indifference curves will depend not only on her preferences for FS and FH, but also upon the probability of sun or hurricane.  So if Maria is risk averse, the highest indifference curve she can reach with a given constant expected consumption line will occur where the guaranteed consumption line crosses the constant expected consumption line, as in Text Figure 11.4.
Suppose Maria begins with a contingent consumption bundle that does not lie on the guaranteed consumption line, and that she is risk averse. For such an initial bundle, there is another bundle, called the certainty equivalent, that she would be just willing to have with certainty, and that bundle would have lower expected consumption, though no variability.  The difference between the two bundles, measured either in terms of FS or FH, is called the risk premium required to compensate Maria for the added riskiness of the initial bundle.  The more risk averse is Maria, the greater the convexity of her indifference curves, and the greater would be the risk premium required to compensate her for bearing risk.  If Maria were risk loving, her indifference curves would be concave, and the risk premium would be negative: she would prefer a more risky to a less risky bundle with identical expected consumption.

As in Chapter 4, we might be able to represent Maria’s preferences with a utility function. We assume she gets benefit, W(FS) from consuming food if it is sunny, and W(FH)  from consumption of food if there’s a hurricane.  We also assume that Maria’s utility is equal to her expected benefit, 



U(FS , FH) = π W(FS) + (1-π) W(FH)



(5) which is an example of an expected utility function.  If we assume that Maria makes choices in risky circumstances so as to maximize her expected utility, then the shape of the W(F) function determines whether she is risk averse.  Study carefully Text Figures 11.9 and 11.10.  Be sure you understand why the expected utility of a risky bundle is lower than the utility of the expected outcome for a risk-averse individual, and why a risk-averse person requires a risk premium to accept a risky outcome over a certain one.  
Risk-averse individuals use insurance to reduce risk by purchasing an insurance policy that is a contract that pays off in the event of a loss.  The insurance premium is the price paid for the policy, which is called actuarially fair if the insurance premium is equal to the expected loss.  If actuarially fair insurance is available to a risk-averse individual, she will fully insure, regardless of the degree of risk aversion.  That means that once she buys insurance her consumption bundle is riskless.  Risk-averse individuals will also be willing to buy less-than-fair insurance, which means that they are willing to pay a premium that is greater than the expected loss.  However, the amount of insurance they are willing to buy will depend upon their degree of risk aversion, and they will not fully insure.  
Now that we understand risk aversion and the demand for even unfair insurance, we can look at other ways people tend to accommodate their risk aversion.  One way is risk sharing in which two people share a risky venture.  Refer to Maria in Text Figure 11.14.  The key to understanding this example is recognizing that even though the investment in the sunscreen concession looks attractive, she won’t invest if she must purchase the whole concession.  The expected payoff is not great enough to overcome the additional risk.  But that is because of the all-or-nothing constraint.  Maria can invest in part by getting another investor, with exactly the same risk aversion characteristics as her own, to share both the expected return and the risk of the new venture.  This figure is essentially equivalent to the one in which a risk-averse individual will partially insure if insurance premiums are not actuarially fair.

Another approach to minimizing risk is through hedging, in which an individual engages in two risky activities that are negatively correlated in their payoff outcomes.  If one activity pays off in states of the world in which the other activity doesn’t, and vise versa, then splitting a position between the two can increase return while reducing variability.  Again, this is not that different from buying insurance because the insurance policy will pay off only when there is a loss.  

Hedging is an extreme case of diversification, which is the practice of spreading one’s position over many different activities.  Clearly, as we saw with hedging, if the activities’ payoffs are perfectly negatively correlated, one gets the greatest risk reduction.  But it may be counterintuitive to most of us to recognize that even if the activities are completely uncorrelated, or even if they are positively but not strongly correlated, there is still a risk-reducing benefit from spreading our position over many activities.  This is the idea behind having an investment portfolio instead of investing in only one security.  Only if the activities’ payoffs are perfectly positively correlated will there be no risk reduction from diversification. 

In the appendix to this chapter, we find an introduction to modern portfolio theory.  People who consume less than their income are savers, which means they accumulate assets, either tangible goods, like houses and paintings, or financial assets, like cash and securities.  All of these assets promise future returns, either in real services or in financial payments consisting of interest, dividends, or capital gains (the increase in the market value of an asset.)  Investors can invest in risk-free assets, which have virtually no default risk, like U.S. Treasury securities.  Alternatively, they have the option to invest in riskier assets such as corporate bonds and stocks (equities.)  Risk-free investments have a certain return, but riskier assets have expected returns that are uncertain.  The actual return is the return that is in fact realized after the fact on any investment.  As we saw in the main chapter, investors have the opportunity to manage risk by investing in a portfolio of risky and risk-free assets.  

Historically, the least risky assets have been U.S. Treasury Bills, which have averaged a real return of 0.78 percent with a standard deviation of return equal to about four percent.  A highly diversified portfolio of large-company equities has returned about nine percent, with a standard deviation of returns of about 20 percent.  Although some risk can be diversified away through investing in a large number of stocks, not all risk is diversifiable.  There is evidence that the market pays a premium to hold non-diversifiable risk, as indicated by the dramatic differences in returns and variability of U.S. Treasuries and common equities mentioned above.

Individual investors have different levels of risk aversion, as modeled by different slopes of indifference curves in expected return-risk space.  A highly risk-averse person would have a steep, positively-sloped indifference curve, requiring a higher risk premium to bear the same additional risk.  In any case, an individual would prefer high expected return with minimal risk, but the actual investment opportunities available are determined by the characteristics of the capital markets.

For a portfolio of two stocks, the expected return is the weighted average of the expected returns of the stocks, weighted by the relative values of the two stocks in the portfolio.  In general, the standard deviation of a portfolio, however, is not the weighted average of the two stocks’ standard deviations.  Let Sp be the standard deviation of the portfolio, SB2 be the variance of returns for stock B, ST2 be the variance of returns for stock T, L be the fraction of the portfolio in stock B, and ( (RHO) be the correlation coefficient of the two stocks’ returns. Then the following expression gives the portfolio’s standard deviation:
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In this equation, if there is perfect correlation between the two stocks’ returns, then the standard deviation of the portfolio is just the weighted average of the two standard deviations.  But if correlation is less than perfect, the standard deviation of the portfolio is lower than the weighted average of the two stocks’ portfolios, hence the effect of diversification.  For any given correlation between the two stocks, a percentage allocation of the portfolio between the two stocks can be found that minimizes the standard deviation, for any given level of expected return.  This result can be generalized to many stocks, resulting in an efficient portfolio, one such that no other portfolio offers the same expected return with a lower standard deviation.  No investor should ever hold a portfolio that is not efficient. The efficient portfolio frontier contains all the alternatives achievable through efficient portfolios.  That is to say, the efficient frontier shows the lowest standard deviation of returns available for any given achievable expected return. 

Having established the efficient portfolio frontier, we now need to consider allocating some of the investor’s money in the riskless asset, and some in an efficient portfolio of risky assets.  The set of combinations of the riskless asset and an efficient portfolio of stocks is called the market line.  This line shows all the possible allocations of the total portfolio between the risky asset portfolio and the riskless asset such that there is no greater expected return for any given level of risk.  This market line is the same for all investors because it embodies the efficient risky portfolios along with the riskless asset.

How each investor approaches this line depends upon her own peculiar attitudes towards risk.  Those attitudes are captured by her set of indifference curves in risk-return space.  The asset allocation choice is the one that places an investor on her highest indifference curve, subject to staying on the market line.  A highly risk-averse individual would tend toward greater reliance on the risk-free asset, hence lending at the risk-free rate of interest.  A much less risk-averse individual would tend to borrow at the risk-free rate and invest much more in the risky portfolio.  This is called a leveraged portfolio because part of the investment in stocks is funded by borrowing at the risk-free rate of interest.  An increase in risk aversion will cause the investor to shift away from the market portfolio of risky assets toward the risk-free asset.  So all investors will end up holding the same risky asset portfolio, but different allocation between that portfolio and the risk-free asset.
-------------------------------------------

For Further Study: An Additional Example

The concept of contingent consumption can be somewhat daunting.  It might be helpful to consider another way to look at essentially the same problem by thinking about betting on two sports teams, say, the Hurricanes and the Suns, who are matched up for Sunday’s game of quidich.  (Try to disregard for the moment that in real life these two teams don’t happen to play the same sport.)  Suppose the Suns and the Hurricanes have a long history of playing each other and that historically the Suns have won two-thirds of their matches with the Hurricanes, so the probability that the Suns will win Sunday’s game is considered to be equal to 2/3.  Ties are not allowed in this sport, so the only other thing that can happen is for the Hurricanes to win, which they will do with probability 1/3.  

Pete occasionally bets on sports and has a $500 endowment to bet on Sunday’s game.  (You can think of food being the only consumption good, and that it sells for $1 per kg if you like, so this example will be similar to Maria’s in the text’s example.)  Rosie is Pete’s bookmaker or bookie.  That is, she will accept a bet from Pete at given odds
 that she sets.  If Pete decides not to bet at all, he will have a guaranteed consumption level of $500, irrespective of who wins the game.  But Pete can also bet on either team’s winning.  Suppose Rosie is offering fair bets on the teams, meaning that the amount she pays off will be reflective of the probability of a given team’s winning, so the expected value of Pete’s payoff will equal the amount that he bets.  Specifically, if Pete bets his $500 on the Hurricanes, and they win, Rosie will pay Pete $1500.  Or if Pete bets on the Suns, and they win, then Rosie will pay Pete $750.  That is, Rosie will pay off three-for-one for a winning bet on the Hurricanes but only three-for-two for a winning bet on the Suns because the Suns are twice as likely to win. 
Recall that the expected value is the weighted average of possible outcomes, where the weights are the probabilities of the respective outcomes.  Let’s allow the probability of the Suns winning to be (, so the probability of the only other possible state, Hurricanes winning, must be (1-().  The expected consumption is therefore
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which happens to be 500 kg of food in the text example, or $500 in cash.  Rearranging this equation gives us the amount that must be available for consumption given state H (Hurricanes win,) for any amount of consumption given state S (Suns win,) while holding the expected consumption of food over both states unchanged:

This line is called the constant expected consumption line, and it is graphed for you in Text Figure 11.2, where it is assumed that (=2/3.  The essentials of that figure are reproduced here for your reference, but they show Pete’s options to bet on the Hurricanes or the Suns:


[image: image5]
This line shows all the fair bets among which Pete can choose. Let’s examine that line closely.  It says that in order to hold expected payoff unchanged at $500, the amount that must be paid for a Hurricanes win is $1500 because nothing will be paid on the bet if the Suns win. Alternatively, if Pete bets on the Suns, the amount that is paid for a Hurricanes win is zero, so the amount that must be paid for a Suns win must be $750, in order that the expected value still adds up to $500. If we just consider three options for Pete, (i) betting on the Hurricanes to win, (ii) betting on the Suns to win, or (iii) not betting at all, then all three options have the same expected consumption for Pete. In Figure 11.1, those three options are represented by (i) the vertical intercept (0,1500), (ii) guaranteed consumption point A (500,500), and (iii) the horizontal intercept (750,0)of the constant expected consumption (or fair bet) line.
But actually, Pete is not limited to these three options.  He could bet part of his $500 on the Suns and part on the Hurricanes, say, $250 each.  In this case, how much will Pete receive if the Hurricanes win? He will get zero from his bet on the Suns, but he will receive $750 (three-for-one) from his bet on the Hurricanes, which will happen with probability 1/3.  On the other hand, if Suns win, he will receive nothing from his Hurricanes bet, but he will receive $375 (three-for-two) from his Suns bet. The Suns will win with probability 2/3.  What is the expected value of the decision to bet half on the Suns and half on the Hurricanes?  It is (1/3)($750) + (2/3)($375) = $500.  

Placing half of his money on each team is only one way Pete could allocate his $500.  If he bet $400 on the Hurricanes and $100 on the Suns, he would locate at another point on the constant expected consumption line, four-fifths of the way from the horizontal intercept to the vertical intercept.  In fact, each point on the constant expected consumption line represents another way of spreading his bet between the two teams.  Because of the way the line is constructed, each point on the line would result in the same $500 of expected consumption. So that line represents all the fair bets because if ( equals 2/3, each bet has an expected payoff equal to $500.

The slope of that line is given by -(/(1-(), the negative of the ratio of the probabilities of the two states of nature, or  alternatively the odds of the Suns winning the  game.  If the Suns were even more likely to win, the line would be even steeper, so the steepness of the line represents how favored the Suns are, relative to the Hurricanes.  If the odds were one-to-one, the slope would be -1 because neither team would be favored over the other.

The ray through the origin and the “sure-thing bundle” is called the guaranteed consumption line because it shows all bundles in which consumption is the same irrespective of the state of nature.  The one point we’ve looked at is where Pete has $500 that he could bet, and he chooses not to bet at all.  If he had $1000 to bet, and chooses not to, then he would have a certain $1000 of consumption irrespective of who wins. So we could also call the guaranteed consumption line the “no-betting line” because it represents all the points such that Pete chooses simply not to bet on either team.

Because these bundles are sure things, the variance of consumption at all points on the guaranteed consumption line is zero.  (If he doesn’t bet, he can’t lose.) But if he moves along a constant expected consumption line, the farther away from the guaranteed consumption bundle he gets, the higher the variance (and standard deviation) of the consumption bundle.  Those bundles become more risky, even though their expected consumption is unchanged.  

As a check of our understanding of standard deviation, we can calculate the standard deviation of the point at which Pete bets his entire $500 on the Hurricanes.  We already know that the expected value is $500.  He will win 1500 with probability 1/3, and zero with probability 2/3. The standard deviation will then be 
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(5)

You should convince yourself that the standard deviation of betting all $500 on the Suns would be equal to $353.55.  Remember that these two bets have the same expected value, but one is much riskier than the other, and both are much riskier than not betting at all.

We can now ask whether a given individual would be as well off at any point on the constant expected consumption line as at any other point.  For people whom we describe as risk averse, the answer is, No.  That is to say, risk-averse people would rather have a dollar for sure instead of a gamble whose expected payoff is one dollar.  Suppose Pete meets this description, then we would draw his indifference curves convex to the origin as in Figure 11.2. 

We need to think carefully about exactly what a point such as D means in this context.  Point D identifies two payoffs for Pete, one that would take place in state of nature S and one that would take place in state of nature H. In this case, if the Suns won, he would receive $400, and if the Hurricanes won he would receive $750.  Pete is indifferent between that combination and one in which he would receive $500 irrespective of who won.  He is willing to give up $100 in state S only if he is compensated by an additional $250 in state H.  Why that much?  Why not $200, since the odds in favor of the Suns are 2:1?  The reason is that at point A there is no risk, but at point D, the standard deviation of the payoffs is clearly greater than zero.  If he prefers certainty over variability, Pete requires compensation for bearing that risk.  At probabilities (2/3, 1/3), the expected payoff of point D is $516.67, and the standard deviation of that point is $164.99.  To bear that additional risk, Pete requires added expected compensation of $16.67, which is called a risk premium.
Pete’s indifference curves bend the way they do because he is risk averse.  If he were even more averse to risk, they would be even more curved. For Pete to be in equilibrium, he must be on the highest indifference curve that can be reached, given the constant-consumption (fair-bet) line passing through his $500 endowment. That tangency occurs at point A, where Pete chooses not to bet at all.  Point D lies above that line.  Its equivalent monetary value is $516.67, indicating that Pete needs to be compensated for bearing risk associated with being away from the guaranteed consumption line.  

Alternatively, at a point like B, Pete is on the constant consumption (fair-bet) line through his endowment of $500.  That point has the same expected payoff as point A, but positive variance, so Pete is not indifferent between A and B.  The certainty equivalent to point B is on the same indifference curve as B, but lying on the guaranteed consumption (no-bet) line.  Clearly, that is a point of tangency with a lower constant consumption line.  In other words, Pete would accept a lower total consumption for sure or a higher total consumption with additional risk because he is risk averse.

Pete’s indifference curves embody the probabilities of the contingent payoffs, at least his beliefs about the probabilities.  If Pete’s and Rosie’s beliefs about the probabilities are identical, then Pete would never bet in a fair game if he is risk averse.  But other people could find value in risk.  We call them risk lovers or risk seekers.  Their indifference curves would not look like Pete’s; they would be concave instead of convex.  Still other people could be oblivious to risk, and we would call them risk neutral because they care only about the expected value of possible outcomes, not the variance.  Their indifference curves would be straight lines, identical to the constant consumption lines, so they would be in equilibrium at any point on that line, either being willing to place bets at the stated odds or not betting at all. It doesn’t matter to them.  Only the expected payoff matters to risk neutral people.

One thing we’ve learned is that risk-averse people will not bet in a fair game, that is, where the expected payoff of the gamble is just equal to the amount of their bet.  The reason is that not betting and betting have the same expected payoff, but betting has positive variance or risk. But recall that probabilities can be subjective.  If Pete’s bookie offered odds that are inconsistent with Pete’s subjective probabilities, then the constant consumption (fair-bet) line that he sees will have a different slope than the one Rosie is using to set her odds.  In this case, Pete will bet because, using his subjective probabilities, he sees the expected payoff as being greater than the amount he is betting, satisfying his need for a risk premium. He might not bet his entire endowment, but he will be willing to bet at least part of it, moving to a point where his marginal rate of substitution is equal to the slope of his perceived constant consumption line. In this case, that point will not lie on the guaranteed consumption line. He might, for example, believe the probabilities favor the Hurricanes, not the Suns, as Rosie believes.  So at her offered odds, he is willing to bet some money on the Hurricanes to win.

Suppose there are many people who share Pete’s beliefs. Then Rosie will find that more people are betting on the Hurricanes and fewer are betting on the Suns.  Bookmakers like to “balance their book” to maintain a neutral position.  So Rosie will tend to alter her offered odds more in favor of the Hurricanes and away from the Suns.  This is the basis of information markets, where more or less informed bettors in effect aggregate their diffused information, resulting in a potentially accurate estimate of the true odds in things like presidential elections.

It may be that some people gamble just for the thrill of the game, but in most choices involving risk, it is fair to assume that what really matters to the decision maker is not the gamble itself but the eventual consumption that can result from the possible payoffs.  Whatever payoff Pete might receive from a gamble, he will want to spend it on the consumption good, which is food (F) in the text example. Pete receives benefit from consuming food, so we might be able to represent his perceived benefit (“utility”) with a function W(F). Under reasonable assumptions regarding preferences, we can assume that individuals will make risky choices in such a way as to maximize the expected utility of their choices, which will depend upon the utility of consumption, the states of nature, and the respective probabilities:




U(FS , FH) = π W(FS) + (1-π) W(FH)



(6)

where π is the probability of state of nature S and (1-π) is probability of state H.  

In this context, the shape of the function W(F) will determine whether the decision maker is risk averse or not. If the W(F) function is concave (rises at a decreasing rate with F), the decision maker is risk averse because the utility of the expected payoff is greater than the expected utility of the gamble.  This can be seen in the following figure, which basically replicates Text Figure 11.9.  

[image: image7]
You should note several things about this figure.  First, point C is called a linear combination of points A and B: its coordinates are given by multiplying the coordinates of point A by the probability 2/3 and multiplying the coordinates of point B by the probability 1/3, then summing them.  So point C is 2/3 of the way from point B to point A.  The expected utility of the gamble in which Pete would win 441 with probability 2/3 or 36 with probability 1/3 is 16 (2/3 of the way from 6 to 21 on the vertical axis.)  The expected payoff of the gamble is 306, 2/3 of the way from 36 to 441.  So if Pete were to bet 306 in exchange for this gamble, it would be a fair bet because the expected payoff is equal to his bet.  Second, the expected utility of this game is 16, but the utility of the expected payoff of this game is 17.49, so Pete would not take this fair bet: he is risk averse.  He would, however be indifferent between receiving 256 with certainty or receiving 441 with probability 2/3 or 36 with probability 1/3.  So we say that 256 is the certainty equivalent to the gamble, and the difference between 306 and 256 is the risk premium that he would require to entice him to gamble, starting with an endowment of 256. 

It might be helpful to look again at the indifference curves and constant consumption lines we saw earlier.  Figure 11.4 shows the equivalent options shown in Figure 11.3.  Starting with an endowment of 306 and probability 2/3 of Suns winning, the constant consumption (no-bet) line would have vertical intercept 918, and horizontal intercept 459, with slope -2 (which is just the negative of the odds of Suns winning.)  

Given the endowment of 306, the constant consumption line passes through point C, which is 306 for certain, and point D, which represents the contingent consumption of 441 if Suns win or 36 if the Hurricanes win.  Notice that the expected value is the same at points C and D.  But the highest indifference curve Pete can reach is tangent to the fair-bet line at point C, not point D.  Pete prefers the certainty of C to the riskiness of D.  And he is indifferent between the risky 306 at point D on the one hand, or the certain 256 at point E on the other.

In the analysis we have so far examined, the consumer is initially endowed with a certain amount of consumption power and is offered the opportunity to give it up in exchange for a risky bet.  We call that gambling.  If, however, he were originally endowed with the gamble instead of the sure thing, we could ask whether he would buy insurance against the risk.  In Figure 11.4, we could as easily have assumed that Pete was initially in the risky position of either winning 441 with probability 2/3 or only 36 with probability 1/3.  We could say, then, that Pete is initially bearing risk:  If the Suns win, he will have 441, but if the Hurricanes win, he will have only 36, which will happen with probability 1/3. 

If Pete wants to be absolutely sure about his consumption, regardless of the state of nature, he needs to move to the guaranteed consumption line, where he consumes the same value in either state.  If he is able to buy a fair insurance policy, the premium he must pay is equal to the expected payout of the policy, so he can move along the constant consumption line to point C. What will be the actuarially fair premium he will have to pay for the insurance policy?

Let the premium be M and the benefit be B.  The insurance company will have to pay out B in state H but nothing in state S, and it will receive M either way.  With probability 1/3, the insurance company will pay out (B-M), and with probability 2/3, it will pay out –M.  Fair insurance implies those two values must be expectationally equal, or 

(1/3)(B-M)+(2/3)(-M)=0, or M = 1/3 B.

Moreover, Pete will need a benefit in the case of state H that will make up the difference between 306 and 36 plus pay the premium, or B = 270 + M. Solving these two equations shows that the premium will be 135, and the benefit will be 405.  If the Hurricanes win, he will receive the 405 benefit minus the premium of 135, or 270 from the insurance policy, plus he will have the 36 from the win, for a total of 306.  If the Suns win, he will get 441 but pay the 135 premium for a net of 306.   

This is an example of full insurance because Pete is eliminating all risk as he moves all the way to point C.  If he moved only part way from D to C, he would be partially insuring, but as long as Pete can buy actuarially fair insurance, he will always fully insure if he is risk averse.  

Insurance companies are not interested in selling actuarially fair policies because they need to have a little extra to cover their administrative costs and normal profit.  So they will offer policies in which the premium is greater than the expected loss, which is called unfair insurance.  (It doesn’t mean that the insurance company is being unscrupulous because it has costs just like any other business.)  In Pete’s case, referring again to Figure 11.4, he would not be able to move along the fair-bet (fair-insurance) line from D to C.  He would have to move along a line of flatter slope, one that would be consistent with a higher probability of loss than there really is. You might draw a line between point D and point E to see the results an unfair premium.  Now Pete will reach his highest indifference curve, not at the constant consumption line, but before he reaches it.  So he would insure, but not fully insure if the premiums are higher than the actuarially fair premium.  The more risk averse the consumer, the closer to full insurance will be the equilibrium.  In contrast, if premiums are actuarially fair, any risk-averse person would fully insure, regardless of the degree of risk aversion.

OUTLINE
Choices Involving Risk

· What is risk?

· The consequences of any risky decision depend on events outside the decision-maker’s control

· To analyze risk, we need to describe all the possible results of a decision
· Once a decision is made and a state of nature is revealed, only one outcome will result

· Probability is the relative likelihood of an outcome’s occurring

· Probability can range from zero to one

· Zero means the event cannot occur

· One means the even is certain to occur

· The probabilities of all the mutually exclusive, exhaustive events will sum to one

· Objective probability is the relative frequency with which an event has historically occurred or is observed to occur in experiments

· Subjective probability is an individual’s personal assessment of the likelihood of an event

· Uncertain payoffs can be displayed in a probability distribution, showing the possible payoffs and their respective probabilities

· Histograms are bar graphs showing outcomes and probabilities

· Expected payoff is the weighted average of possible outcomes, where the weights are the probabilities of the respective outcomes

· It is the average result that would be realized if the experiment were performed many times

· The expected payoff may not actually be any one of the individual outcomes

· Variability recognizes that payoffs might range widely from the expected value

· Variance is the expected squared deviation from the expected value

· Standard deviation is the (positive) square root of variance and is measured in the same units as the possible outcomes and expected value

· Variance and standard deviation are widely used measures of risk: the greater the standard deviation, the greater risk is associated with the outcomes

· Risk preferences represent personal attitudes toward risk
· In a risky setting, contingent consumption bundles depend upon the state of nature and the decision made by the consumer

· If a bundle of consumption is independent of the states of nature, it is called a guaranteed consumption bundle

· Expected consumption is the weighted sum of the contingent levels of consumption, where the weights are the probabilities of the outcomes

· In a diagram with contingent consumption measured on the axes, the constant expected consumption line passes through the guaranteed consumption bundle and has slope equal to the negative of the ratios of the probabilities

· The guaranteed consumption line passes through the origin and has slope of +1.

· Preferences can be represented by indifference curves in contingent consumption space. 

· The consumer is indifferent among all contingent consumption bundles on an indifference curve

· Indifference curves embody the contingent consumption preferences and the decision maker’s assessment of the probabilities

· If the consumer is risk averse, indifference curves are convex and tangent to the constant expected consumption line at the guaranteed consumption bundle

· A fair game is one in which the expected value of the payoffs is equal to the amount charged for the opportunity to play the game 

· The risk-averse individual will not bet in a fair game

· The certainty equivalent to a risky gamble is the amount of consumption received for certain such that the consumer would be indifferent between that sum and the risky gamble.

· If the decision maker is risk averse, the certainty equivalent is strictly lower than the expected value of the gamble

· The difference between the expected value of the gamble and the certainty equivalent is called the risk premium required to cause the decision maker to accept the added risk

· Alternatives to risk aversion are risk loving and risk neutral behavior

· Risk lovers value variability and would accept some unfair gambles

· Risk lovers have concave indifference curves, and the certainty equivalent will be strictly greater than the expected value of the gamble 

· Risk neutrality means that the individual is indifferent towards risk, neither seeking it nor avoiding it

· Indifference curves for risk neutrality are linear, identical to the constant consumption lines

· The certainty equivalent to a gamble is the expected value of the gamble, so risk premium is zero for a risk neutral individual

· Under certain assumptions, an individual can be shown to maximize expected utility, which is the weighted average of the utilities (benefits) of the respective payoffs, where the weights are the respective probabilities

· If the benefit function is concave, the individual will exhibit risk aversion, if linear there will be risk neutrality, and if convex the individual will be risk loving

· A person with more concavity in the benefit function is said to exhibit greater risk aversion, requiring a greater risk premium 
· Insurance is a bet against a negative contingency, paying off only in the event of the loss

· An insurance policy is a contract between the issuer and the purchaser in which the purchaser pays a premium in exchange for the promise to be paid a benefit in the event of a loss

· An actuarially fair premium is equal to the expected payout
· A risk-averse person will pay an actuarially fair premium to protect against a loss, and even some actuarially unfair premiums, depending upon the degree of risk aversion

· Insurance companies do not offer actuarially fair insurance policies because they must cover their administrative costs and profit

· Actuarially unfair premiums are greater than the expected payout of the policy

· A risk-averse person would partially insure if premiums are unfair, bearing some of the original risk and insuring against part of the risk

· Other methods of managing risk include risk sharing, hedging, and diversification

· Risk sharing occurs when two risk-averse individuals jointly undertake a risky activity to share both the added reward and risk of a venture

· Hedging occurs when two contingent payoffs are perfectly negatively correlated, one paying off only when the other does not, and vise versa

· Diversification reduces variance for a given amount of expected value if the activities’ payoffs are not perfectly positively correlated, such as returns of a group of securities in an investment portfolio
PRACTICE MULTIPLE CHOICE
1. Angela will win $40 with probability .3 or $60 with probability .7.  What is the expected value of Angela’s winnings?

a. $40

b. $45

c. $54

d. $56

e. $60

2. Umberto’s Umbrellas, Inc. will earn a profit of $150 if it rains, but it will lose $100 if the sun shines.  Umberto’s expected profit is $20.  What is the probability of sun?

a. 0.20

b. 0.25

c. 0.48

d. 0.52

e. 0.62

3. Three possible states of the economy are “boom,” with probability 0.20, “normal,” with probability 0.50, and “recession.”  The growth in personal income will be five percent if there is a boom, 3 percent if normal, and negative one percent if there is recession.  What is the expected growth rate of personal income?
a. 2.8%

b. 2.2%

c. 3.2%

d. 3.8%

e. There is not enough information to calculate expected growth.

4. Which is true about variance?
a. Variance is the difference between the highest and lowest of the possible outcomes.

b. Variance is the sum of the squared deviations from the mean.

c. Variance is the expected squared deviation from the expected value.

d. Variance is the square root of the standard deviation.

e. Variance is the average deviation from the expected value.
5. Jason will win $4 with probability 0.25, $5 with probability 0.40, or $8.  What is the standard deviation of Jason’s winnings?

a. 5.8
b. 3.24

c. 2.76

d. 1.66

e. 0.76

6. Concerning an individual’s preferences towards risk, which statement is correct?

a. A risk-averse person would never accept a risky option if a certain option were available.

b. Evidence from stock and bond markets suggests that almost all investors are risk neutral.

c. In a diagram with contingent consumption levels on the axes, a risk seeker would have convex indifference curves.
d. For a risk-averse individual, the certainty equivalent of a gamble will be greater than the expected value of the gamble.

e. When choosing between a gamble and a certain payoff equal to the expected value of the gamble, a risk-averse person would always choose the certain payoff.

7. Which of the following is (are) a strategy for managing risk?

a. diversification

b. hedging

c. insurance

d. risk sharing

e. All of the above.

8. Pete can bet on the Suns to win, or the Hurricanes to win.  He believes the probability of a Suns win is .80.  Pete’s consumption if Hurricanes win is measured on the vertical axis.  What is the slope of Pete’s guaranteed consumption line? (Careful!)

a. -4

b. -.25

c. 0

d. +0.8

e. +1

9. In question 8 above, what is the slope of Pete’s constant expected consumption line?
a. -4

b. -.25

c. 0

d. +0.8

e. +1

10. Which statement is true regarding insurance?

a. A risk-averse individual would buy insurance only at an actuarially fair premium.

b. If the premium is actuarially fair, a risk-averse person would fully insure against the loss of an existing asset.

c. A risk seeker would fully insure at an actuarially fair premium.

d. Insurance companies are mandated by law to offer actuarially fair premiums.

e. A risk neutral person would partially insure at an actuarially fair premium 
11. Which statement is true regarding a portfolio of two risky assets?

a. The standard deviation of the portfolio is always the weighted average of the two assets’ standard deviations.

b. If the two assets are positively correlated, the standard deviation of the portfolio is greater than the weighted average of the two assets’ standard deviations.

c. The expected return of the portfolio is the weighted average of the assets’ expected returns, but the portfolio standard deviation is generally not the weighted average of the two assets’ standard deviations.

d. Combining two or more assets gives a diversification effect on variance only if the assets are negatively correlated.

e. Combining two or more assets gives a diversification effect on variance only if the assets are perfectly positively correlated.

For the next three questions, consider the following diagram of contingent consumption concerning Pete’s bet on a game between Suns and Hurricanes:

12. Judging from the diagram, what is the probability of Suns winning?
a. Zero (no possibility)
b. 0.25
c. 0.50

d. 0.75

e. 1.0 (Sure thing)

13. If Pete currently finds himself at point B, which statement is true?

a. Pete has chosen not to bet on the game.

b. The certainty equivalent of point B is 1000

c. Pete is indifferent between being at point B or point A.

d. The certainty equivalent of point B is 1700.

e. Pete is in a risky position and would prefer anything greater than 800 to his current position.

14. Given Pete’s current position at point B, which is true?

a. If the Suns win, Pete will win 1000.
b. If the Hurricanes win, Pete will win 1700, and if the Suns win he will win nothing.

c. If the Suns win, Pete will win 1700, and if the Hurricanes win he will win nothing.

d. If the Hurricanes win, Pete will win 1700, and if the Suns win he will win 300.

e. Pete will win 800, whoever wins the game.

15. Modern portfolio theory ______

a. implies that all investors will hold the same risky portfolio but will hold different fractions of that portfolio and the risk free asset.

b. has not benefited from any of the standard microeconomic theory we have studied.

c. implies that no person should ever borrow in order to invest in risky asset portfolios.

d. results in a contradiction that more risk-averse investors tend to hold more of the market risky asset portfolio.

e. suggests that different investors have different expectations about assets’ returns because they have different levels of risk aversion.

MULTIPLE CHOICE ANSWERS
1. c
2. d
3. b
4. c
5. d
6. e
7. e
8. e
9. a
10. b
11. c
12. c
13. e
14. d
15. a
WORD PROBLEMS

1. Doug’s Drugs sells cold medicine and tissues.  If the flu season is severe, Doug will earn $5000 profit, and if it is mild, he’ll earn only $2000.  The probability of a severe season is 0.30, and probability of a mild season is 0.70.  What is the standard deviation of Doug’s profits?
2. Mike’s preferences are such that he maximizes his expected utility of money (M).  Mike’s benefit function is given by W(M)= 10M -0.05M2 for amounts up to $100.  Mike is offered a gamble that will pay him $40 with probability 0.75 or $20 with probability 0.25.  What is the expected monetary payoff of the game?  Will Mike pay that amount in order to play this game?  Explain.  Let the expected monetary value of the game you calculated above be E(M)*.  How much would the probability of winning $40 have to increase, in order for Mike to be willing to pay E(M)* to play the new game?
3. Charlotte’s preferences are such that she maximizes her expected utility of money (M).  Her benefit function is given by 
[image: image8.wmf](
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.  Calculate Charlotte’s certainty equivalent to a gamble in which she wins $144 with probability 0.5 or $64 with probability 0.5.
4. Review Text Figure 11.9.  Calculate the certainty equivalent for Maria.
CHALLENGE YOUR MIND
1. This chapter focuses primarily on risks that can be considered in a financial context, and it discusses how a risk-averse person might approach the problem of uncertain financial outcomes.  Think about non-financial risks faced every day by you or people you know, such as those related to health, education, employment, social interactions, etc.  Do you show evidence of risk aversion in any of the choices you make in those settings?  Consider the actions you take in these settings and relate them to concepts discussed in this chapter.  Do any of the approaches to risk management apply to non-financial activities?
2. Perhaps you or someone you know has purchased derivative securities, such as a call option on a share of stock.  (A call option provides the holder with the right, but not the obligation, to purchase a share of stock at a pre-determined price, called the exercise price, for a given period of time.) If so, think about the role of variability in the value of a call option.  For a risk-averse person, we found that variance is not usually a valuable characteristic in an investment.  Does that hold true for call options?  Explain.

3. Examine Text Figure 11.21: Portfolio Choices.  Consider a person, such as Arnold, who is spreading his portfolio between the risk-free asset and the market portfolio.  What would happen if the risk-free rate of return increased, all else unchanged?  Would Arnold invest more or less in the risky market portfolio?  Analyze his choice in terms of income and substitution effects.
Coordinates of this point are (441,36)
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Figure 11.4: Pete’s indifferent between a game in which he wins 441 with probability 2/3 or 36 with probability 1/3, or having 256 with certainty.  He requires a risk premium of 50 to entice him to take the gamble.
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Figure 11.3: A risk-averse person will prefer a certain 306 to a gamble that yields 441 with probability 2/3 or 36 with probability 1/3, even though the expected value of the gamble is also equal to $306.
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Figure 11.2: Pete’s indifference curves among payoffs in different states of nature.  If Pete is risk averse and believes the true odds are 2:1, he will choose not to bet anything at those odds.  
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Figure 11.1: Pete’s options for placing bets on the Suns and the Hurricanes, assuming Rosie offers odds favoring Suns two-to-one over the Hurricanes.
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� In this case, since the probability that the Suns will win is 2/3, the odds are said  to be two-to-one in favor of the Suns because the odds are simply the ratio of the probability that the Suns will win divided by the probability that the Hurricanes will win, (2/3)/(1/3).  
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